This paper presents the design of a fault detection and diagnosis system for a quadrotor unmanned aerial vehicle under partial or total actuator fault. In order to control the quadrotor, the dynamic system is divided in two subsystems driven by the translational and the rotational dynamics, where the rotational subsystem is based on a linear parameter-varying model. A robust linear parameter-varying observer applied to the rotational subsystem is considered to detect actuator faults, which can occur as total failures (loss of a propeller or a motor) or partial faults (degradation). Furthermore, fault diagnosis is done by analyzing the displacements of the roll and pitch angles. Numerical experiments are carried out in order to illustrate the effectiveness of the proposed methodology.
Introduction
Unmanned aerial vehicles (UAVs) are gaining more and more attention in recent years due to their important contribution and profitable application in various tasks such as surveillance, search, rescue, remote sensing, geographical studies, as well as various military and security applications. 1 The most popular UAVs are fixed-wing and multirotor UAVs (helicopters, quadrotors, hexacopters, among others). Fixed-wing aircrafts can fly forward at high speed and are suitable for long distances due to their configuration, which makes the energy consumption less than a multirotor. Nonetheless, they cannot take-off and land vertically. 2 However, multirotor vehicles can take-off and land vertically and stay in a hover position, which could be very convenient for some applications such as surveillance, precision farming, power-line autonomous inspection, and delivering. This work is focused on the study of quadrotors UAV. A quadrotor UAV is a simple, affordable, and easy-to-fly system that has been widely used to develop and implement guidance methods, navigation control, fault diagnosis, fault-tolerant control, among others. Many research works focus on the search for techniques that guarantee stability, control, and robustness. However, the increase in civil applications makes necessary to consider new and difficult situations regarding the vehicle's safety, for example, flying in an urban environment where the security is a critical target to achieve. For such reason, it is necessary to develop new robust fault detection and isolation systems which guarantee the security of the UAV during the all-time fly envelope. 3 The studies on fault diagnosis and fault-tolerant control for quadrotors were reviewed in Zhang et al., 1 where it is shown that these works can be divided into different types according to faults, testbeds, frameworks, problems considered, and tools employed.
Robust and efficient fault diagnosis systems require mathematical models that represent the dynamic behavior of the UAV subject to aerodynamic and measurement disturbances. It is well known that the best representation of such systems is driven by a set of nonlinear ordinary differential equations. Nonetheless, it is also known that nonlinear systems are complex and difficult to study, which reduces their applicability. 4 An attractive alternative to represent nonlinear dynamics is through linear parameter-varying (LPV) systems, which are a class of linear systems whose state space matrices depend on a set of time-varying measured or estimated parameters. 5 The idea of controlling LPV systems has been introduced in Kamen and Khargonekar, 6 then further extended during the last two decades to produce many control methods and for fault detection. Examples of these methods include observers, 7 faulttolerant controllers, 8 H ' controllers, 9 sliding mode observers, 10 among others.
Among the different classes of LPV systems, the quasi-LPV (qLPV) systems have become of importance in the last years due to the fact that the nonlinearities are hidden (or embedded) in the varying parameters, in this case the varying parameters depend on exogenous signals. 11 This work considers this class of LPV systems.
The qLPV systems are an alternative for the representation of nonlinear systems used to address problems such as fault detection and control. In that same sense, some recently highlighted works are as follows: Dahmani et al. 12 presented a robust observer to estimate the dynamics of a vehicle evaluated through an experimental configuration; Aouaouda et al. 13 proposed an active fault-tolerant tracking controller (FTTC) scheme applied to a vehicle dynamics system. The stabilization problem of qLPV systems is addressed in Wag et al., 14 where a controller is designed to guarantee the stability of a closed-loop system. Also, Hu et al. 15 proposed an output-feedback control strategy for the path following of autonomous ground vehicles.
More recently, qLPV has been considered for the study of UAVs, specifically to represent its dynamics and for the construction of fault detection systems. For instance, a fault detection based on an unknown input LPV observer in discrete-time for a helicopter is presented in De Oca et al.; 16 in that same sense, a fault detection and isolation method using set-valued observers was proposed in Rosa and Silvestre 17 for a fixedwing aircraft. Aguilar-Sierra et al. 18 proposed a fault estimation method by considering polynomial observers. The use of the Lyapunov quadratic function in LPV systems to control and stabilize aerial vehicles is presented in Sadeghzadeh et al. 19 A fault reconstruction method by considering a sliding mode LPV observer was proposed in Chandra et al. 20 A multi-level method combining dynamic control allocation and control reconfiguration was presented in Pe´ni et al. 21 Tan et al. 22 proposed a robust fault detection method in a discrete-time qLPV system for the longitudinal movement of an UAV. Rotondo et al. 4 presents an LPV observer for diagnosing sensor faults, and this observer has the advantage of not being noise-sensitive. A fault estimation scheme in actuators of a helicopter is presented in Liu et al., 23 which reduces the impact of the transient phenomenon. The problem of fault detection and isolation has been addressed mostly in sensors. Nevertheless, application to actuators faults has not been fully investigated. One of the particular interests is the work of Rotondo et al., 11 which develops a robust qLPV fault-tolerant control subject to actuator faults with very good performance, however; the proposed solution is in the order of thousands of gains, which are difficult to handle in a real-time implementation. This implies a challenging and open problem. Therefore, the objective here is to develop an effective actuator fault detection and isolation method simplifying the complexity of the solution.
This paper presents an actuator fault detection and isolation method based on an observer for a quadrotor UAV modeled as a qLPV system. The main contribution of this work is the use of a robust H ' observer to generate a fault detection system that allows locating the actuator that presents the inappropriate behavior in a simple but effective manner using a reduced model of the quadrotor. The fault detection method considers the dynamics of the rotors and their influence on the pitch and roll displacements under faults. These displacements are used as an indicator of faults by comparing the information given by the sensors and the observer. Then, fault detection and isolation are done from the evaluation of the generated residual signals. To guarantee the effectiveness of the method, stability analysis is done by considering a quadratic Lyapunov equation, which relies on a set of linear matrix inequalities (LMI). Finally, numerical results are given to illustrate the effectiveness of the method under partial and total rotor faults. This paper is organized as follows: the next section presents the preliminaries on qLPV systems; the ''Dynamic model and problem definition'' section presents the mathematical model of the quadrotor and its qLPV representation; the ''Main result'' section presents the linear quadratic regulator (LQR) controller used to stabilize the system, the observer design, and fault detection in actuators, where the convergence of the robust observer is guaranteed by Lyapunov functions and a H ' robustness technique; the ''Numerical results'' section presents the numerical results where the developments are applied to the quadrotor. Finally, the last section of the manuscript presents the conclusions.
Preliminaries on qLPV systems
The sector nonlinearity approach 24 is used to construct the qLPV model for a given nonlinear system. Considering a nonlinear system of the form
where f m , g m , and h m are smooth nonlinear matrices, x 2 R n x is the state vector, y 2 R n y is the output vector, and u 2 R n u is the input vector. The non-constant terms of the nonlinear system are grouped into the scheduling functions r i . The scheduling functions of the h sub-models satisfy the following convex set sum property
The nonlinearities of the system are considered as variant parameters, so that they are involved in weighting functions, given by
where hl j and hl j are the upper and lower limits that reach the nonlinearity, respectively; then, for each p nonlinearity, m = 2 p local models are obtained. The weighting functions are calculated as the product of the functions corresponding to each nonlinearity of the system, that is
Then, by considering equation (4), the nonlinear system (equation (1)) is represented by the qLPV model
with
and y(t) 2 R p are the state vector, the control input, the disturbance, and the measured output vector, respectively. A i , B i , B di , and D d are constant matrices of appropriate dimensions. r i (z(t)) are scheduling functions which depend on x(t). Note that the main advantage of LPV systems is that they are composed by a set of local linear models, and the nonlinearities are hidden in the scheduling functions. This is a powerful property that makes possible to use techniques developed for linear systems, but applied to nonlinear systems. In the next section, this method will be used to obtain a qLPV representation of a quadrotor UAV.
Dynamic model and problem definition

Nonlinear representation
The quadrotor UAV configuration is shown in Figure 1 . The state vector of the quadrotor is
where x, y, z and v x , v y , v z are the positions and velocities of the quadrotor relative to the inertial frame fC W g, respectively; f, u, and c are the Euler angles roll, pitch, and yaw, respectively; and p, q, and r z denote the angular velocity relative to the body frame fBg. Figure 1 also shows the torques t f , t u , and t c for each Euler angle. By considering the Newton-Euler formalism, 25 ,26 the nonlinear model is obtained as
where I x , I y , and I z represent the moments of inertia along the x, y, and z directions, respectively; also, m and g 0 are the system mass and the constant of gravity, respectively. The parameters required for the model are presented in Table 1 and were obtained from Bouabdallah. 27 Subsystem (equation (6)) represents the translational dynamics and subsystem (equation (7)) represents the rotational dynamics over the reference frame fC W g. These dynamics are considered as different subsystems due to the fact that are decoupled with respect to the system inputs. These characteristics will be used to design a fault detection observer by considering the rotational dynamic only.
The control inputs u are defined in terms of propeller angular speeds. The four inputs comprising the total thrust, roll, pitch, and yaw torques are
where l is the distance from the center of mass to the rotors, b and d are the thrust and drag factors, respectively, and O i is the angular speed of the propeller with i 2 ½1, . . . , 4. It is noteworthy that the control inputs (u 1 , u 2 , u 3 , u 4 ) should be designed to stabilize the aerial vehicle. Moreover, the diagnostic ability of the system is established utilizing the thrusts as a function of the controllers. Then, the angular speeds can be computed with respect to the control inputs u i as
This consideration is necessary for the numerical experiments in order to induce actuator faults in the UAV, which can be observed with respect to changes on the angular speeds for the ith rotor. Furthermore, in order to design the fault diagnosis algorithm, the following section presents the characteristics of a qLPV model and identifies the terms required to obtain a qLPV representation the system (equation (7)).
qLPV model
Two subsystems describe the dynamics of the quadrotor, one describes the translational part (equation (6)) and the other describes the rotational part (equation (7)). It is possible to study them separately due to the fact that they are decoupled. This property will be used to detect an actuator failure because the pitch, roll, and yaw angles change dramatically in the presence of a rotor failure. The state vector of the rotational dynamics (equation (7)) is defined as
The inputs are u(t) = ½ u 2 (t) u 3 (t) u 4 (t) T . Then, an equivalent system representation is obtained as 
where a 1 ¼ ðI y À I z Þ=I x , a 2 ¼ ðI z À I x Þ=I y , and a 3 ¼ ðI x À I y Þ=I z .
As it can be seen from the system (equation (10)), matrix A i contains two non-constant terms, that is, x 5 (t) and x 4 (t). These elements are used to construct the scheduling functions of the qLPV system, obtaining z 1 (t) = x 5 (t) and z 2 (t) = x 4 (t). As mentioned before, the qLPV representation has 2 2 local models-since for each nonlinear term, two scheduling functions are required. Since each nonlinear term is bounded, the weighting functions are constructed as follows
The limits of the weighting functions are z 1 2 ½ 0 22 and z 2 2 ½ 0 22, where z 1 and z 2 are expressed in rad=s.
From the representation of the system (equation (5)), its LPV representation is obtained
with The D d matrix and the B i matrix are the same; the intention is that the perturbation vector affects the angular velocities. Matrices A i , B i , and B di are not included here due to space limitations. However, these can be easily obtained by evaluating equation (10) in the upper and lower limits of z 1 and z 2
Main result
Controller design
A control strategy for stabilizing the quadrotor while hovering is necessary as this is an open-loop unstable system. The translational dynamics and the yaw angle are controlled by an LQR controller. The objective of this controller is to determine control signal so that the system to be controlled can meet physical constraints and minimize/maximize a cost/performance function. In this case, R is the cost of actuators, which is defined by the designer. The controller is not presented here due to space limitations. However, this can be consulted in Reyes-Valeria et al. 28 Then, for the remaining of the paper, it is considered that the UAV is stabilized.
Observer design
Assuming that system (equation (12)) is observable, the following fault diagnosis LPV observer is proposed
wherex(t) is the estimated state vector and L i are the gain matrices. The gain matrices of the fault diagnosis observer (equation (13)) must be designed in order to guarantee the convergence of the state estimation error and maximize the robustness against disturbances d(t).
The estimation error is defined as
The error dynamics is computed as
and the residual state space error system is given by
where W is the residual weighting matrix that has to be determined. Then, the problem is reformulated to ensure stability of asymptotic equations (14) and (15) despite the perturbation vector d(t). The following theorem gives sufficient conditions to reach this objective.
Theorem 1. The robust observer (equation (13)) for system (equation (5)) exists if there exist matrices P = P T . 0, Q i , and W with attenuation level g . 0 8i 2 ½1, 2, . . . , h, such that the following optimization problem has solution min g P, Q i , W under the following LMI constraints
with G rd = A T i P À C T Q T i + PA i À Q i C. Then, the observer parameters are computed by L i = P À1 Q i .
Proof. In order to guarantee asymptotic convergence of the estimation error to zero and robustness against disturbances d(t), the following H ' criterion is considered
where J rd represents the L 2 gain of system (equation (16)) from d(t) to r(t) bounded by g. V(e(t)) is a Lyapunov function defined as V(e(t)) = e T (t)Pe(t). The derivative of the Lyapunov function is synthesized as
By substituting equation (14) in equation (19), the following is equivalent
After some algebraic manipulation, the following is obtained
and G rd = A T i P À C T L T i P + PA i À PL i C. By manipulating equation (18) , the following is obtained
By considering equations (21) and (22), the condition (17) is rewritten as
Then, Q i = PL i is defined in order to eliminate the quadratic terms from equation (23), such as
Finally, the Schur complement implies equation (16) . This completes the proof.
Actuator fault detection and diagnosis
The faults considered are additive faults; this is because most of the faults in actuators are deviations of the signals (bias) due to a stop or increase/decrease in the rotors velocity, damage in the propellers, malfunction of the electronic speed controllers, among others. The model-based fault detection and diagnosis method designed on this section is based on the approach presented in Saied et al. 29 First, residual signals based on a robust state-observer, for the rotational subsystem (equation (7)), is generated in order to compare the expected behavior of the system with the measured one. These residuals are defined as the differences between the measured angles given by the inertial measurement unit (IMU) of the UAV and the estimated angles, which are the system and the observer outputs, respectively. The residuals are defined as
Once the residuals are generated, they are analyzed in order to detect and isolate faults in the actuators. In a fault-free case, the residual r i value is close to zero, while in a faulty case, the residual changes its value. If the residual value is bigger than a predefined threshold, then this is an indication of fault occurrence. To explain this idea further, let us consider a quadrotor in a hover flight mode. When the system is operating fault-free in this flying mode, the expected values for the roll and pitch angles are zero. However, if a fault occurs, the roll and pitch angles vary depending on which actuator fails. If a threshold is predefined in the pitch angle, it is easy to identify a fault in actuator 3 for a negative displacement, as shown in Figure 2(a) ; or a fault in actuator 1 for a positive displacement as shown in Figure 2(b) . Similarly, for a predefined threshold in the roll angle, a fault in actuator 2 can be identified for a negative displacement as shown in Figure 2 (c); or a fault in actuator 4 if the displacement is positive as shown in Figure 2(d) .
Therefore, given the residuals r 1 and r 2 , a diagnostic interference model can be constructed in order to isolate the occurrence of an actuator fault as shown in Table 2 .
Decision-making is done through a scheme of binary logic by substituting negative and positive displacements (+ , À) for values of 0 and 1. Table 3 presents the fault cases according to the residuals, where the binary logic indicates which actuator is faulty. This is represented by the following equations r 1 (f) Table 3 . Decisions based on binary logic. 
where fault a i represents a failure in the actuator i.
Numerical results
This section presents numerical tests in order to show the effectiveness of the fault detection and diagnosis method.
Observer synthesis and controller test
For the synthesis of the proposed LPV observer with H ' performance (equation (13)), the LMI presented in equation (16) has been solved using the YALMIP Toolbox. 30 The resulting matrices are The attenuation level obtained is g = 1:39. This value guarantees an adequate performance of the observer and its robustness against disturbances.
Once the observer is designed, the system's performance is tested in closed-loop using the LQR controller designed for the stabilization of the quadrotor. The numerical experiments were performed in MATLAB Ò / Simulink Ò . Figure 3 shows the references in dashed line and the tracking trajectory in solid line. The tracking trajectories were obtained thanks to the LQR controller. A three-dimensional (3D) representation is illustrated in Figure 4 , where the three graphs presented in Figure 3 are combined. The trajectory obtained follows the reference, so the LQR controller fulfills its purpose. The resulting trajectory is described below with the help of points in the path:
At t = 0 s, the quadrotor is at the origin, that is, at point A = ( 0, 0, 0 ). At t = 5 s, the position of the quadrotor is 5 m on the z axis, while on the other two axes remains at zero, and this location corresponds to point B = ( 0, 0, 5 ). The path continues to the point C = ( 5, 0, 5 ) and D = ( 5, 5, 5 ) in a time of t = 10 s and t = 20 s, respectively. At t = 30 s, the trajectory comes to the point located in E = ( 0, 5, 5 ). The trajectory of the quadrotor comes back to B by drawing a square on the xy-plane and finally return to the origin A.
Fault detection and isolation
The numerical experiments begin once the quadrotor has been stabilized in hover flight mode. In order to test the effectiveness of the proposed method, two different scenarios are considered, partial and total faults. In all cases, the observer is fed with noisy measurements of the system input/output. The following describes each case. Partial fault. In this scenario, three different types of faults are induced to actuator 3. For the first fault, the magnitude of the control signal of the actuator required to stabilize the UAV in hover flight mode is reduced by 20% in 40 \ t \ 50 s; in the second fault, the actuator is affected by sinusoidal variations of the speed in 70 \ t \ 80 s; and finally, in 100 \ t \ 110 s, an incipient fault, which reduces the control signal of the actuator from 100% to 80% in 10 s, is induced. All of the induced faults provoke changes on the residual signals. The faults and their effects on the residuals are shown in Figure 5 . The faults are isolated from the evaluation of the residuals as shown in Figure 6 . Also, note that due to the robust approach, disturbances are well attenuated and do not affect the performance of the observers.
Total fault. A total fault is induced by turning off the actuator 3 at t = 20 s. By considering the residual evaluation, the fault is detected and achieved by the evaluation of the residual as can be observed in Figure 7 . Once the fault is detected, fault diagnosis is performed considering the dynamic behavior of roll and pitch as shown in Figure 2 . The residuals exceed the thresholds, giving positive values, that is, r 1 = 1 and r 2 = 1, indicating the total fault in actuator 3 as shown in Figure 8 and Table 2 . Similar analysis can be done to detect faults in the remaining actuators, and in each case, the method can detect and isolate the fault, which demonstrates its effectiveness and applicability.
Comparisons. To complement the results, Figure 9 shows the comparison between the approach of Rotondo et al. 11 and the approach proposed in this paper. Specifically, the figure shows the alarms of actuator 1 for a partial fault scenario. The induced fault consists in a reduction of the control signal of the actuator from 100% to 70%. It can be seen that both approaches have the same performance as they activate the alarm when the fault occurs.
The difference between the approaches is mainly that Rotondo et al.'s 11 work considers the complete quadrotor model, while in this work, the fault detection and isolation are only applied to the rotational dynamics. Considering the complete model also implies that more residues must be taken into account for the fault detection and isolation, and therefore, the inference matrix is larger and its online analysis is more complex; although, it is also acknowledged that faults can be also detected and isolated while the UAV is moving in the space, not only in hover flight mode. Moreover, although the computation of the optimization problem (equation (16)) is performed offline, it is always important to analyze its complexity since the time needed to solve the LMI grows exponentially as the problem dimension grows. In this case, the LMI dimension is smaller than the one presented in Rotondo et al. 11 Furthermore, it is well known that the LMI problem could become unfeasible as the number of vertices grow. In the approach presented here, the number of vertices is reduced (four vertices) since the method has been applied to the rotational dynamics of the quadrotor only, while in Rotondo et al., 11 the number of vertices exceeds 2000, leading to an equal number of gains L i 's that have to be considered online. Clearly, the method presented here is easier to handle and implement in a real application.
Comment on stability in case of an actuator failure
Quadrotors are open-loop unstable systems and depend on a controller for their stabilization. Therefore, the stability analysis depends mainly in the controller which is out of the scope of this paper. Nevertheless, it is important to remark that, in a faulty situation, the controller may not be able to stabilize the system, depending on the severity or intensity of the affectation. If the fault is partial and with very low intensity, a conventional controller may be able to stabilize the system regarding the fault as a model mismatch or disturbance. For a more severe affectation, there are also passive/ active fault-tolerant control strategies reported in the literature that increase the actuator affectation tolerance. [31] [32] [33] If the fault in one actuator is total, an emergency protocol has to be activated such as the use of a parachute; another option may be to give up controlling the quadrotor's yaw angle, and use the remaining actuators to achieve a horizontal spin. 34 Although with a very low probability, two (opposed) or three actuators can fail simultaneously and a specific control law is required for those scenarios. 35, 36 
Conclusion
This paper presented a robust fault diagnosis and isolation scheme for actuator faults of a quadrotor UAV modeled as an LPV system. In order to detect partial or total actuator faults, a residual was generated using a H ' observer applied to the rotational dynamics. The observer was designed to be robust against disturbances. Sufficient conditions were obtained to compute the observer gains in order to guarantee its convergence. Simulation results show the effectiveness of the proposed method in order to detect and isolate partial and total actuator faults. Future work will include the design of a fault-tolerant control strategy in order to guarantee the safety of the UAV even in the presence of a total actuator fault, and also, a mixed strategy H=H ' will be considered to increase fault sensitivity. Moreover, experimental validation of the developed fault detection and isolation algorithm in a device 37 that allows a safe indoor test is also considered for future work.
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